Conformal symmetry is broken by a flat or spherical defect operator D. We show that this defect operator, may be identified as a pair of twist operators which are inserted at the tips of its causal diamond. Any k−point correlation function in a flat or spherical defect CFT is equivalent to a (k + 2)−point correlation function. We reproduce one point correlation functions and also solve two point correlation functions in defect CFTs . Mutual Rényi entropy is computed and agrees with previous result in a certain limit. We conjecture there may be universal terms in general co-dimension two defect CFTs. 
Introduction
All dynamical information of a conformal field theory are encoded in the coefficients of three point functions . The form of two and three point correlation functions are fixed by conformal symmetry. Higher point functions can be reduced to lower point functions by operator product expansion. The operator product expansion can be done in different channels, leading to crossing symmetry in four point correlation functions.
One can break conformal symmetry by inserting an extended defect operator D [1] [2] [3] [4] [5] [6] , see recent progress on defect CFTs [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . A co-dimension q flat or spherical defect operator is special as it preserves SO(p + 1, 1) × SO(q − 1, 1) symmetry 2 where p + q = d. In this case, one point function of any primary operator is completely fixed up to a constant while two point function of primary operators is constrained to be a summation of conformal partial waves.
Among all the flat or spherical defect operators, the co-dimension two operator (q = 2) is especially interesting. It may have applications to Rényi entropy(and entanglement entropy) [17] [18] [19] [20] . Rényi entropy is actually a partition function on a n replicated manifold. One divides the space into a region A and its complement A c and glue different replicas along the boundary of A. Alternatively, one may introduce a co-dimension two defect operator to implement the replica trick. In two dimensions, the defect operator is a pair of twist operators which are inserted at the boundary of the interval A [21, 22] . In higher dimensions, the defect operator may be a surface operator [23] [24] [25] .
However, we will see that the flat or spherical defect operator may be identified as a pair of operators
We will call τ a twist operator in reference to entanglement entropy. The two twist operators are inserted at the tips of the causal diamond of A. Figure 1 is an illustration of a spherical defect operator and its associated causal diamond. Suppose there is a d − 1 dimensional ball A at constant time on flat spacetime. The spherical defect operator sits at the boundary of A which is a d − 2 sphere. The defect operator D divides the space into A and its complement A c . There is a causal diamond D(A) of region A. The two twist operators sit at the tips of the causal diamond D(A), in the figure, we denote them as point X and Y. One is in the future and the other one is in the past. This is the main geometric picture of a spherical defect operator.
(1) is an operator identity. Any k-point correlation function in a defect CFT will be a (k + 2)-point correlation function in the vacuum,
When k = 1, the form on the left hand side of (2) is fixed by symmetry [13] , the right hand side can also be fixed by conformal symmetry as it is a three point function. we checked that they lead to the same answer once we properly identify the coefficients in front of them. When k = 2, the left hand side can be expanded into conformal partial waves which satisfy special equation of motions, the right hand side can also be expanded into conformal partial waves whose form can be fixed by the conformal Casimir equation [26, 27] . We checked that they can be mapped to each other after properly identify the conformal partial waves. For higher point correlation functions(k > 2), we can always use operator product expansion to reduces them to lower point correlation functions. Hence, (2) will be valid for arbitrary correlation functions. When there are multi-defects in the CFT, the correlation function should be
We apply (3) to compute mutual Rényi entropy of two spherical region and find perfect agreement with previous paper [41, 44] . This paper is organized as follows. Section two is to review main results on flat or spherical defect operators which are fixed by symmetry. We will check the identity (1) in section three. We will study operator product expansion of defect operators D in section four. In section five, we will apply our formula to compute mutual Rényi entropy of a free theory and holographic CFTs. We will end with discussions and point out some future directions. Conventions and technical details are collected in the Appendices.
Defect CFT
This section is to collect useful results in defect CFTs [13] . A defect CFT is a CFT with defect operator D being inserted. Correlation functions of primary operators are defined as
We will study flat or spherical defect CFTs. As we can always transform a flat defect to a spherical defect by conformal transformation, it is sufficient to show the results of flat defect. We assume the defect sits at t = 0, x 1 = 0. A primary operator O sits at x = (x a , y i ) where a = 0, 1 label the transverse directions of the defect and i = 2, · · · , d−1 label the parallel directions of the defect. The one point function of a primary operator can be fixed up to a constant, for example, a scalar primary operator
∆ is the conformal dimension of O. |x| is the norm of the transverse direction. The first subindex of a ∆,J is the conformal dimension of operator O, the second subindex is the spin of operator O. For a spin two primary operator, its one point function is
where n a is an unit vector n a =
. One point function of any even higher spin operators is also fixed up to a coefficient a ∆,J . It would be convenient to use embedding formalism to organise the result. In Appendix B we introduce this formalism and collect necessary results for interested reader. Curiously, for odd spin operator, one must introduce parity violating terms. For spin 1, the answer is
where we introduced a parity violating tensor in orthogonal direction, 01 = 1. Two point function of scalar primary operator can be written as the cross ratio ξ, φ as
where
with
The function f 12 (ξ, φ) can be expanded in terms of CFT conformal partial waves,
where c 12O ∆,J is three point function coefficient of
The explicit form of the differential operator D bulk are collected in Appendix C.
Defect operator D
In this section, we will study the defect operator D. As we have mentioned briefly in the introduction, we expect D to be equivalent to a pair of twist operators
For a flat defect which is placed at t = 0,
4 . The twist operators are placed at 5 (T, −T ) and (−T, −T ) with T → ∞. The scaling dimension of the twist operator is δ.
One point functions
For a primary scalar operator O with dimension ∆, its one point function is
At the last step, we used the well known fact that three point function is fixed up to a constant. Note (14) is exactly (5) once we identify
One can also check other spin operators. It is curious to understand odd spin result. For J = 1, our method would imply
The three point function of spin 1 vector and two primary operator is
). Substituting it to (16), we find
We have redefined the three point function coefficient of O µ and twist operators to be a ∆,1 . Note it matches with previous result. Interestingly, the parity violating term appears naturally. This method can be extended to higher spins. It is more convenient to use embedding formalism in this case. We list the results below while leaving the derivation to Appendix B.
It matches known result of spin 0 and spin 1. For spin 2, we use the identity
Then
where Q J is defined as
6 Remember we are in Lorenz CFT.
Two point functions
We use scalar operator to illustrate the result.
Note the four point function on the right hand side can be expanded into conformal partial waves. There are two independent cross ratios,
They relate to the two cross ratios defined in the previous section by
Then the two point function becomes
Note g(u, v) can be expanded in terms of conformal partial waves
where we have defined conformal partial waves as G ∆,J . For example, in d = 4 [27] ,
z andz are related to u, v by
In our case, ∆ 3 = ∆ 4 = δ . The conformal partial wave G ∆,J is the solution of Casimir equation
The explicit form of D CF T is collected in Appendix C. Since f (ξ, φ) and g(u, v) are related by (27) , (12) and (31) should be equivalent to each other by the identification
One can check this identity using the differential operator D bulk and D CF T in the appendix. In this way, the solution of (12) is (32) . In [13] , the kinematic part of one point function and two point function (scalar) are determined by analyzing the symmetry constraints on the defect CFT. However, we find the same result by mapping the correlation function in the defect CFT to higher point function in the original CFT. The exact match from the two method should not be an accident, it strongly supports the identification (13).
General correlation functions
The obvious consequence of (13) is to map any k-point correlation function of a defect CFT to a (k + 2)-point correlation function,
The insert positions of the twist operators are at the tips of the causal diamond associated with the defect.
Multi-defects correlation functions
It is sufficient to study two defects case. We place two spherical defects at 7 t = 0, |( x − x 0 )| = R and t = 0, |( x − x 0 )| = R . We will assume the two defects are disjoint. One can use conformal symmetry to fix x 0 = (0, · · · , 0) and x 0 = (1, 0, · · · , 0) and R = R. This configuration is shown in the Figure 3 . The twist operators are inserted at
Then any k-point correlation functions are
Note the factor in the denominator is the partition function in the presence of defects. When we discuss Rényi entropy, it is related to Rényi entropy by 
Operator product expansion of defect operator
As we have shown, defect operator D is actually a pair of twist operators. So in principle it can be expanded as primary operators and their descendants. Assume all possible (quasi-)primary operators in the theory are collected in {O ∆,J }. Then D can be expanded as
The function Z(D) is the expectation value of the defect,
It is also the patition function of the defect CFT. The 'desendents' terms are fixed completely. Hence we can write the defect operators compactly as
We normalize the coefficient before identity operator to be 1. All other coefficients c ∆,J are fixed by one point function of its corresponding operator O ∆,J hence it should be propotional to a ∆,J . The operator Q(O ∆,J ) can be fixed by shadow formalism [28] [29] [30] [31] [32] . For a flat defect operator which sits at t = 0,
8 Interestingly, similar operators also appear in other context [33] [34] [35] Here O µ 1 ···µ J is a general symmetric traceless operator 9 with dimension ∆ and spin J.
Interestingly it is the modular Hamiltonian generator in the field of entanglement entropy. The integral region is over the causal diamond of flat defect. We can fix the relation between c ∆,J and a ∆,J by one point correlation functions
where we have defined 11 u = x + t, v = x − t, |x| 2 = uv. N ∆ is the normalization of the two point function of the operator O ∆ . Comparing (5)and (41), we find the identification of c ∆ and a ∆ up to some constant coefficient and normalization factor
At first glance, we meet a problem. For a unitary conformal field theory, the conformal dimension of a scalar primary operator has a lower bound [36] ,
That means for some operators with dimension
or c ∆,0 should be ill defined since Γ(x) function is divergent when x is a non positive integer. We can cure this problem by absorbing possible divergence into the definition of Q(O). We also checked that the coefficient c ∆,0 is the same for flat and spherical defect. Note for spherical defect, the vector K is not (40) , its form can be found in Appendix E. Again, it is the modular Hamiltonian generator of spherical region in entanglement entropy.
Applications
In this section we try to compute mutual Rényi entropy of two spherical region for a free scalar theory and holographic CFTs.
Setup
The system is in vacuum |0 >, its density matrix is ρ = |0 >< 0|. We choose a spatial region A at a constant time slice, its complement is denoted as A c . Then one can integrate out the degree of freedom in region A c to find a reduced density matrix ρ A ,
Renyi entropy is defined as
Entanglement entropy between A and A c is the n → 1 limit of Rényi entropy,
Rényi entropy(and entanglement entropy) satisfy area law,
where is UV cutoff of the theory. The coefficient γ is not universal. Universal information are encoded in the logrithmic or constant terms. For example, in any two dimensional CFTs, one interval Rényi entropy is
where ∆x is the length of the interval, c is the central charge of the CFT which is invariant under rescaling of the cutoff. In four dimensional CFT, the universal terms of Renyi entropy are expected to be [37] S (n)
Where R ∂A is the Ricci scalar of the boundary of A,K a ij is the traceless extrinsic curvature in the transverse direction x a , C ab ab is the projected Weyl tensor in the orthogonal direction of the boundary of A, R is a characteristic size of region A.
When A is the union of two (or more) disjoint regions,
one can define a finite quantity
which is called (n-th) mutual Rényi entropy. Let's begin with one spherical region A,
As we have mentioned in previous sections, the Rényi entropy can be computed by inserting two twist operators at X = (R, 0, · · · , 0) and
(53) N τ is the normalization of two point function of twist operators. In the last step we have used the fact that the dimension of the twist operator is δ and inserted a UV cutoff .
This is well known in two dimensional CFTs. For d = 4, the second and third term in (49) are zero while the first term contributes
So the scaling dimension of the twist operator is
Unfortunately, our definition of dimension of twist operator is not in agreement with [24] . In that paper, the conformal dimension of the twist operator is defined by one point function of the stress tensor. Two definitions match in d = 2 and doesn't match in higher dimensions. However, from the general discussion of defect operators, (56) may be the correct definition of the dimension of twist operator in four dimension . The conformal dimension defined in [24] may be interpreted as the three point function coefficient of stress tensor and two twist operators. However, in even dimensions, they are actually related to each other [38] . In odd dimensions, there maybe no log R/ universal terms in Renyi entropy. So we may conclude δ = 0, f or d odd.
There is a constant universal term in odd dimensions,
This term can be reproduced from the normalization constant N τ .
General structure of mutual Rényi entropy
Let us assume region A 1 and A 2 are
We can use conformal symmetry to set R = R and x 0 = (1, 0, · · · , 0). In this case, there is only one independent cross ratio
The Rényi entropy is
The expectation value of twist operator is
The building block of mutual Renyi entropy would be the following block
We already know the answer should be a conformal partial wave with dimension ∆ and spin J < Q
What is left is to fix the total coefficient appeared before (64). The contribution of a scalar operator with dimension ∆ is
It should be a conformal partial wave of a scalar operator in d dimension. We choose d = 4 as an example. In this case,
Note when z =z, the conformal partial wave is
Combining the relation between c ∆,0 and a ∆,0 , we find
In the same way, we find
Hence the mutual Rényi entropy of two spherical region is
is to sum over the contributions of all possible scalar operators with dimension ∆. The generalization to other dimensions is straightforward. In our case, z = z, the conformal partial waves can be found in [39] for general dimensions.
Free scalar theory
Let us consider the lowest dimension operators at first. They are
We assume the normalization of two point function is 1,
The position x, x can be
In d = 4, one can find [42, 43] 
The function η is defined as
By symmetry, the one point function of O and O ij should be
To compute the coefficients a φ 2 and a ij , one can set y = 0 and r = r in (75) and read out small θ limit terms.The coefficients a O and a ij
where θ ij = 2π(i − j). The normalization factor of φ 2 and φ i φ j are
Mutual Rényi entropy from lowest dimension operator
G ∆,J is defined in (67). Note when the two region A 1 and A 2 are far away to each other, z → 0, then the leading contribution is from lowest dimension operator, in this limit
This is exactly those found in [40, 41] . At next order, we must consider the spin 1 operator
We can also read out the expectation value of J
Normalization factor
can be read from two point function
So
After including spin 1 operators, the mutual Rényi entropy becomes
In the limit of small cross ratio, z 2 and z 3 terms are exact.
Holographic Rényi entropy
In a holographic CFT which is dual to Einstein gravity, the operators appear in the dual CFT is just the stress tensor and its composites. The lowest dimension operator appear in the theory is the stress tensor whose one point function is
For Einstein gravity, we have 14 [24] 
(91) Now in d = 4, we get the mutual Rényi entropy
In the small cross ratio limit, we can expand it in terms of small z,
Note at O(z 8 ), there may contribute from T 2 , so mutual Rényi entropy will be modified from this order.
More interesting, if we assume all other operators don't contribute at order O(n − 1)
This agrees with [44] . We checked that the incomplete Beta function is indeed a conformal partial wave with ∆ = 4, J = 2. For general d, if we normalize the behaviour of the conformal partial wave
in the small z limit, then we find
The result is exact up to order z 2d . Again,
It agrees with computation from gravity side [44] .
Conclusion and discussion
In this work, we studied flat or spherical co-dimension two defect operator D. We conjecture that it is a pair of twist operators which are inserted at the tips of its causal diamond. In this way, we can map any k-point correlation function in defect CFT to a (k + 2)-correlation function. Especially, one point correlation function of a primary operator is completely fixed up to a constant which can be interpreted as a three point correlation function coefficient of the operator and two twist operators. We reproduce known even spin results of previous paper. We also find one point correlation function of odd spin . The spin 1 case matches with previous work. As far as we know, odd higher spin results are new. Interestingly, parity violating term appears naturally in this method. The parity violating term may appear even though the original CFT is parity invariant as we have shown for free scalar theory. When we apply it to Rényi entropy, we give a description of scaling dimension to twist operator. In our description, scaling dimension of the twist operator is related to the universal terms of Rényi entropy in even dimensions.
In odd dimensions, the scaling dimension of the twist operator is zero. The conformal dimension defined in [24] can be naturally interpreted as the three point function coefficient between stress tensor and two twist operators. Two point functions of defect CFT are more intriguing. They can be mapped to four point correlation functions. So it can be expanded in terms of conformal partial waves. In this way, we quickly read out the solution of the differential equation which is imposed by symmetry constraints. The same method goes through to other tensor fields.
When there are multi-defects, we should insert a pair of twist operators for each defect. We apply this idea to compute mutual Rényi entropy of two spherical region. Interestingly, this mutual Rényi entropy is essentially four point function of twist operators. So it can also be expanded as conformal partial waves. One just need to fix the one point function for each primary operator in the defect CFT. For 4d free scalar theory, we reproduce the result of [41] in the small cross ratio limit. We also obtain subleading terms by including the contribution of spin 1 operators. For holographic CFTs, we reproduce the result of [44] in (n − 1) expansion in general dimensions. In the limit of small cross ratios, the leading d terms are exact. These results strongly support the idea of inserting twist operators. It provides a unified way to compute multi spherical region Rényi entropy in arbitrary dimensions.
In the following, we will discuss some problems which may be further explored.
• Non-universal and universal terms. We have shown that for k > 0, the correlation functions can be maped to (k +2)-point correlation functions. For
To apply it to Rényi entropy, we split the Rényi entropy by universal and non-universal terms in even dimension, then
To match (98) and (99), we find
Area terms(and non-universal subleading terms) can be absorbed into the normalization of two point function of twist operator. In odd dimensions, we have
where q n is universal which is invariant under scaling of the cutoff. In this case,
From the point of view of twist operator, the appearance of the universal term is inevitable once the scaling dimension of the twist operator is non-zero. When the scaling dimension of the twist operator is zero, there may be universal terms which is encoded in the normalization factor N τ . We will conjecture there may be universal terms in general defect CFTs. It would be nice to check this point in other explicit examples.
• Two dimensions. We noticed that in d = 2, the twist operators are inserted at the boundary of the interval. In our case, the twist operator should be inserted at the tips of the causal diamond of the interval. We argue that there is no contradiction between the two different descriptions. To see it, the causal diamond is actually the same for the two descriptions.
• Defect channel partial waves. The bulk channel correlation functions can be obtained by inserting twist operators. However, in [13] , two bulk operator correlation functions can also be expanded in terms of defect channel partial waves. There will be infinite number of equalities for three point function coefficients between different channels. It seems to be possible to fix all coefficients of defect channel in terms of bulk channel information.
• Displacement operator. We only consider flat or spherical defect operator in this work, a general co-dimension two defect operator can be obtained by inserting displacement operator. Some results have been obtained [45, 46] . It would be interesting to seek how to define twist operators in general situations.
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A Conventions
In this paper, µ, ν, · · · are spacetime coordinates. For co-dimension two defects, we split the coordinate to the direction which is parallel to the defect and orthogonal to the defect. i, j, · · · are the direction which is parallel to the defect. a, b, · · · are the direction which is orthogonal to the defect. In the same way, the metric η µν splits to η ab and η ij . When we need to distinguish time and spatial direction, t is time direction and x are the d − 1 spatial direction. In the embedding space formalism, the coordinate index is labeled by capital M, N, · · · .
B Embedding space formalism
This formalism is especially powerful when we study tensor like operators. In this formalism, we map any point x in CF T d to a light cone of d + 2 dimensional Minkowski spacetime. A point P in the Poincare section is
We use the light cone coordinates, in other words
More generally, we define a scalar product as
A primary symmetric traceless tensor O µ 1 ···µ J in the original CF T is mapped to a symmetric traceless and transverse tensor O M 1 ···M J with degree −∆,
The projector
To avoid the index structure of the operator, we uplift it to a polynomial of Z,
For a flat defect which sits at t = 0, x 1 = 0, we may split the index
where A = 0, 1 and I = +, −, 2, · · · , d − 1, the metric η M N split to η AB and η IJ . Two scalar quantities can be defined as
We will also embed the twist operators into d + 2 dimensions. They are inserted at 
According our conjecture, after some simple algebra, we find
where we redefine the total coefficient to be a ∆,J . We also defined an epsilon tensor with 01 = 1. The appearance of • product and AB is due to the fact that only the orthogonal directions are relevant in the T → ∞ limit. Note for even spins, we can contract two tensors to find the same answer as [13] .
C Differential operators
The differential operator in (12) 
One can directly check the following equivalence
when using (25) and (27) .
D Relation between c ∆,J and a ∆,J
In section 4 we constructed the operator product expansion of defect operator D. We have mentioned that the normalization constant c ∆,J is proportional to a ∆,J . In this appendix, we will determine the proportional constant for spin 1 and spin 2.
E Generator of Modular Hamiltonian
When the region A is half space, the modular Hamiltonian is generated by K = (x, t, 0, · · · , 0).
When the region A is a sphere with radius R whose center is origin, the modular Hamiltonian is
After coordinate transformation
the metric becomes
The integration measure is
We find
